We study the dynamics of dipolar Bose polarons in the presence of the normal and anomalous fluctuations using the time-dependent Hartree-Fock-Bogoliubov theory. The density profiles of the condensate, the anomalous component and the impurity are deeply analyzed. The time evolution of the width and the center-of-mass oscillation of such quantities is also highlighted. We calculate corrections due to quantum fluctuations and impurity to the chemical potential and the radius of the condensate and of the anomalous component in the weak coupling regime using the ThomasFermi approximation. Effects of the dipole-dipole interaction, impurity-host interaction and the anomalous fluctuation on the width and on the breathing frequencies of the impurity are discussed by variational and numerical means.
I. INTRODUCTION
Ultracold atomic impurities immersed in a BoseEinstein condensate (BEC), known as Bose polaron problem has attracted growing attention in recent years in many areas of physics, such as condensed matter physics quantum atomic gases and quantum information.
Experimentally, the impurity and its atomic bath have been realized in the strongly interacting regime in onedimensional (1D) [1] and 3D [2, 3] geometries. Theoretically, BEC-impurity mixtures have been intensively investigated using many approaches [4, 5] . Nevertheless, most theories describing Bose polarons, were based on the effective Fröhlich model [6] [7] [8] [9] [10] [11] [12] [13] within different many-body techniques. The generalized Hartree-FockBogoliubov (HFB) description of the Fröhlich method has been derived in Ref. [14] . Other good theoretical tools, including a mean-field theory to examine the selflocalization effects [15] [16] [17] [18] [19] [20] [21] , a third-order perturbative treatment of the problem [22] , a variational approach [23] , a self-consistent T -matrix calculation [24] , and numerical simulations based on the quantum Monte Carlo method [11, [25] [26] [27] . The universality of such Bose polarons has been adressed in Ref. [28] using a variational approach. Furthermore, temperature effects on BECimpurity mixture have been discussed utilizing the timedependent HFB theory (TDHFB) [29] [30] [31] [32] , diagrammatic approach [33] [34] [35] , and spectroscopy of Rydberg excitations [36] . At low temperatures, the properties of a polaron in dilute 2D Bose gas have been discussed in [37] in a weakly-coupled regime using a perturbative theory.
However, the experimental achievement of BEC with dipole-dipole interaction (DDI) [38, 39] paves the way towards a new exciting research area, namely dipolar polarons i.e. impurity-BEC mixtures with DDI. The Bogoliubov phonon modes and the ground-state properties of such systems have been discussed in Refs. [40, 41] within the framework of the Fröhlich model. Effects of DDI, impurity-bosons interaction and external trapping potentials on the breathing modes of impurity have been analyzed using a variational scheme [42] . Furthermore, the depletion due to the impurities of dipolar Bose polarons has been examined using an effective action in the mean-field approximation and found to be independent of the condensed density [43] .
While most of the previous works give good results, many questions remain unanswered, for instance, effects of quantum normal and anomalous fluctuations on the equilibrium and on the dynamics of dipolar polarons. It has been shown that the presence of the anomalous density (pairing correlations) in quantum ultracold gases leads to novel physical effects, in particular at intermediate temperatures [44] [45] [46] [47] .
In this paper we investigate the behavior of a harmonically trapped dipolar Bose polarons in the presence of the normal and anomalous correlations and demonstrate how this latter manifests itself in determining the static and dynamical properties of the impurity and its host. To this end, we use our TDHFB theory which is a powerful tool for exploring many-particle systems and Bose polarons [29] [30] [31] [32] . The theory is valid for arbitrary temperatures and densities as well as it properly takes into account the dynamics of the pairing correlations [29] [30] [31] [32] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . The TDHFB theory governs selfconsistently the dynamics and the static of the condensate, impurity, thermal cloud and the anomalous density. It is based on the time-dependent Balian-Vénéroni variational principle which optimizes the evolution of the state according to the relevant observable in a given variational space [57] . Recently, the TDHFB theory has been revisited with renormalized coupling constant and more accurate description of dynamical and thermodynamic properties of BEC has been achieved [47, [51] [52] [53] [54] [55] .
The aim of the present work is to investigate the breathing modes of the condensate, the impurity and the anomalous component for both repulsive and attractive impurity-boson interactions. We show that the presence of the pairing fluctuations, the dipolar and interspecies interactions, and external trapping potentials may crucially change the density profiles and the breathing oscillations of such quantities. Generalized analytical expressions for chemical potential and Thomas-Fermi (TF) radii of the condensate are derived in terms of the condensed and anomalous fractions. By means of the variational approach, we calculate the impurity's effective potentials, the widths and the breathing modes in the weak coupling regime. We find that the DDI, impuritybath interaction, and pairing correlations may modify the oscillation amplitude of the impurity's size and the frequencies of the breathing modes.
The rest of the paper is organized as follows. In Sec.II, we illustrate the TDHFB model and establish its validity for the problem at hand. We analyze the density profiles predicted by a direct numerical simulation of our TDHFB equations for the condensate, the impurity and the anomalous component. The dynamics of the condensate and the anomalous density in the presence of the impurity is also discussed. In the weak coupling regime, generalized analytic expressions for the chemical potential and condensate radii are obtained within the framework of the TF approximation. The intent of Sec.III is to analyze the impact of the impurity-BEC interaction strength, the DDI and the pairing correlations on the time evolution of the width and the breathing modes of a harmonically trapped impurity interacting with a trapped BEC. To this end, we utilize a variational method based on our TDHFB equations. Our results are compared by the findings computed by the HFB-Popov approximation. Finally, we conclude this paper in Sec.IV.
II. TDHFB THEORY
We consider a single impurity atoms of mass m I in a cylindrically symmetric harmonic trap
, where λ B = ω Bz /ω Bρ and λ I = ω Iz /ω Iρ with ω ρ and ω z being respectively, the radial and axial frequencies of bosons trapping potential. The boson-boson and impurity-boson interactions are approximated by contact potentials: g B δ(r−r ′ ) and g IB δ(r − r ′ ), where
I )a IB with a B and a IB being the bosonboson and impurity-boson scattering lengths, respectively. The DDI between two bosons is
, where the coupling constant C dd is M 0 M 2 for particles having a permanent magnetic dipole moment M (M 0 is the magnetic permeability in vacuum) and d 2 /ǫ 0 for particles having a permanent electric dipole d (ǫ 0 is the permittivity of vacuum), and θ is the angle between the relative position of the particles r and the direction of the dipole. In our case the dipole moment of the atoms are assumed to be directed along the z-direction.
The TDHFB equations governing the dynamics of the condensate, thermal cloud, the anomalous density and the impurity read [29-32, 55, 56] 
where Φ B and Φ I stand for the condensate and the impurity wavefunctions, respectively. The quantities n c = |Φ B | 2 and n I = |Φ I | 2 represent, respectively the densities of the condensate and the impurity. The noncondensedñ and the anomalous densitym are identified, respectively with ψ † Bψ B and ψ BψB withψ j (r) =ψ j (r) − Φ j (r) being the noncondensed part of the field operatorsψ j (r) (j stands for the boson and impurity). The total density in BEC is defined by n B = n c +ñ. The single particle Hamiltonian for the condensate and the impurity are defined, respectively as h
The ratio γ = g IB /g B controls the relative strengths of interactions. It is worth noticing that Eqs. (1) are derived under the assumption that the long-range exchange terms n(r, r ′ ) =m(r, r ′ ) = 0 for r = r ′ [58, 59] , since they do not influence the stability of the system [49, 50, [59] [60] [61] [62] [63] [64] . In the absence of the DDI, Eqs. (1) reduce to those of Bose polarons with pure contact interactions [29] [30] [31] [32] . Form = 0, one recovers the well-known HFBPopov equation. Setting g IB = 0 andm = 0, Eqs. (1) reproduce the Gross-Pitaevskii (GP) equation describing a degenerate dipolar Bose gas at zero temperature and the usual Schrödinger equation describing a noninteracting impurity system. Stationary states corresponding to Eqs.(1) can be obtained using: Φ B (r, t) = Φ B (r) exp(−iµ B t/h),m(r, t) =m(r) exp(−iµ B t/h), and Φ I (r, t) = Φ I (r) exp(−iµ I t/h), where µ B and µ I are, respectively the chemical potentials of the bosonic and impurity components.
In our TDHFB formalism, equations (1) are complemented by an equation connecting the normal and anomalous densities (see e.g. [47] )
Equation (2) which is valid at zero temperature renders the system (1) close. It shows that the anomalous density is larger than the noncondensed density even at very low temperature signaling the importance ofm in ultracold Bose gases. It is well known that the inclusion of the anomalous density which is ultraviolet divergent quantity leads to the appearence of an unphysical gap in the spectrum. To solve such a problem, one should use the renormalized coupling constantḡ B = g B (1+m/Φ 2 B ) [29-32, 45, 47, 55] . The spatially dependent effective interactionḡ B plays a crucial role in stabilizing the system (rendering the spectrum gapless) and has to be self-consistently determined together with the condensate wavefunction and the anomalous density. The whole TDHFB equations are thus solved iteratively.
A. Density profiles
To earn more specific insights into the dynamics of dipolar polarons, we solve our TDHFB equations (1), numerically following the procedure described in our recent works [48, 51] . Lengths, time and energies are expressed in terms of the transverse harmonic oscillator length l B = h/mω ρ , the transverse trapping frequency is ω
−1
Bρ , and the trap energyhω ρ , respectively. We introduce also the dimensionless quantity ε dd = C dd /3g B which represents the relative strength between the DDI and the contact interaction. We set the ratio mass α = m B /m I and Ω ρ = ω Bρ /ω Iρ . Figure 1 .a depicts the role of a single impurity atom in the behavior of the total density of a dipolar BEC for both repulsive and attractive impurity-host interactions. We see that for γ > 0, the impurity is localized inside the BEC and becomes self-trapped while for γ < 0, the density of the BEC is considerably increased (peaked) as in the nondipolar case [30, 31] . Note that the impurityhost interaction is sorely tunable utilizing a Feshbach resonance [1] [2] [3] [4] [5] .
At zero temperature the condensed density is comparable to the total density and both quantities are distorted by the impurity as is shown in Fig.1 .b. By further increasing the DDI, the depth of the dip formed by the impurity near the center of the trap is increasing owing to the long-range repulsive force exerted by the dipoles on the one hand and the inherent repulsive impuritybath forces on the other. We see also that the radius of the condensate is broadened with DDI. In opposite, the anomalous density increases with DDI which is in fact natural since such a quantity survives and grows with interactions. The presence of the impurity leads also to modify the shape ofm as is seen in the same figure. Now we turn to analyze the time evolution of the width and the center-of-mass of both the condensate and the anomalous component following the procedure reported in the experiment by Catani et. al [1] . The idea is that the impurity is initially trapped in the potential of axial and radial frequencies and the impurity-BEC mixture is cooled to the ground state [1, 42, 65] . At time t = 0, the axial trap frequency is reduced and the subsequent evolution of the width for t ≥ 0 is observed [1, 42, 65] (the width moves with lower trapping frequency). The stationary solutions of our equations (1) are used as initial conditions for handling the dynamics of the system. Numerically, the width and the center-of-mass can be extracted employing : σ i = r 2 |Ψ i (r, t)| 2 dr, and for Φ B (r, t),m(r, t), and Φ I (r, t) and i = z, ρ. Plots of such quantities for different values of γ, and Ω are shown in Fig.2 .
Periodic (breathing) oscillations are observed in the condensate which may continue for ever with different frequencies in the radial and axial directions. In the case of repulsive impurity-host interactions (γ = 2) and for Ω ρ = 1.2, we see that a single impurity may slightly enhance the width and the center-of-mass of both the condensate and the anomalous component only at larger times. Whereas, for attractive impurity-BEC interactions (γ = −2), the presence of the impurity can produce a significant decrease in oscillation amplitudes of the width and the center-of mass of n c andm.
Remarkably, for small trapping frequency (Ω ρ = 0.2), amplitudes of oscillations of the width and the center-ofmass for a dipolar BEC with and without impurity are found to differ substantially regardless the type of interspecies interactions. This discrepancy can be attributed to the interplay between trap anisotropy and dipolar interactions. By increasing the DDI, the amplitude modulation of oscillations of n c andm becomes stronger. One can expect that the dipole modes of the impurity inside the bath can be shifted due to the DDI and interspecies interaction. In order to experimentally observe the impurity one needs to tune g IB before the particle release, otherwise it remains localized inside the condensate.
B. Thomas-Fermi approximation
In the limit of strong interactions or large number of particles, one can apply the so-called TF approximation which requires that the kinetic terms in Eqs.(1a) and (1b) should be neglected. The TF equations then read where the densities
The parameters a 1 , a 2 , a 3 , and a 4 are defined respectively as:
, and a 4 = 2/(β − 2) with β =ḡ B /g B , and G = β/4(β − 1) being effective interaction strengths. One should stress that for large β, the system becomes strongly correlated. Therefore, the diluteness of the gas requires the condition:m/Φ 2 ≪ 1 or β → 1 [29, 30, 47] . The dipolar potential inside the inverted parabola can be written as [66, 67] 
] is monotonically decreasing, has asymptotic values f (0) = 1 and f (∞) = −2 and vanishes for κ = R ρ /R z = 1 with R ρ and R z being the TF radii. The central density n 0 = 15N/(8πR 2 ρ R z ) can be obtained via the normalization condition. The TF Eqs.(3) which admits also an inverted-parabola, constitute a natural extension of that obtained earlier in Refs. [66, 67] within the usual GP equation. In the absence of the DDI, they reduce to our TDHFB equations describing nondipolar Bose polarons [29] [30] [31] [32] .
When setting γ = 0, the impurity and the condensate become completely decoupled hence, n c = n c0 and m =m 0 . For γ = 0, Eqs.(3a) and (3b) reveal that for repulsive/attractive interactions, the condensed and the anomalous densities are depressed/increased from their decoupled values n c0 andm 0 . Therefore, the validity of our approach requires the conditions: n c0 ≫ γGn I andm 0 ≫ γ(β − 2)n I . This allows to reach the weak impurity-boson coupling regime which assumes that the impurity density is much smaller than the condensed and anomalous densities. From now on we restrict ourselves to the weaklycoupled regime. After inserting Ψ dd of Eq.(4) into the TF Eqs.(3a), we find to zeroth order
This expression points out that the chemical potential associated with the condensate is decreasing with increasing the DDI and the anomalous fluctuations. For m/Φ 2 ≪ 1, one has a 1 = a 2 = 1 and thus, Eq. (5) simplifies to the standard chemical potential [66, 67] .
The TF radii R ρ and R z of the condensate are obtained from (3a) by comparing the coefficients of ρ 2 and z 2 [67] :
where
. For a 1 = a 2 = 1, Eqs.(6) become identical to those obtained in Ref. [67] . For ε dd = 0, one recovers the usual TF radii. Equation (6) Fig.3 .a. We see that the presence of the impurity leads to lower the TF radii. Following the same procedure, we get for the TF radii of the anomalous component
The same behavior persists for Rm ρ in terms of ε dd ,M /N , and β.
III. DYNAMICS AND BREATHING OSCILLATIONS OF A TRAPPED IMPURITY
In this section we analyze effects of the impurity-BEC interaction strength, the DDI and the anomalous correlations on the breathing modes of the widths of a harmonically trapped impurity interacting with a trapped BEC using variational method and numerical scheme based on our TDHFB equations.
Substituting Eqs. (3) into Eq.(1c), one obtains the extended self-focusing nonlinear Schrödinger equation (NLSE) (8) describes the back action of the condensate on the impurity which is caused by the response of the condensate density on the presence of the impurity due to their interaction. This equation is appealing since it enables us to study, in useful manner, the effects of normal and anomalous correlations, the DDI, and the impurity-host interaction on the dynamical properties of the impurity state. Form =ñ = 0, one recovers the standard NLSE.
To estimate the widths of the harmonic trapping of the impurity in the presence of the envirement fluctuations, we use Gaussian variational ansatz for the impurity wavefunction, with an axial size σ z and a radial size σ ρ that we take as variational parameters:
where Θ ρ and Θ z stand for the radial and axial phases. The Lagrangian density corresponding to Eq.(8) reads:
Variational equations of motion can be derived from the Euler-Lagrange equations . After having eliminating the phase from ordinary lagrangian, we obtain useful equations for the radial and axial widths: where the radial V ρ and axial V z effective potentials are given, respectively as (13) and
Iz ), and I 1 = 2n 0 /hω Iz . Here we have introduced the dimensionless quantitiesσ ρ = σ ρ /l I ,σ z = σ z /l I ,t = ω Iz t,R = 2R 2 z /l I with l I = h/m I ω Iz being the impurity's harmonic-oscillator length. The first two terms in Eqs. (13) and (14) describe the quantum pressure and the harmonic trapping of the impurity. The third contribution is second-order in γ and represents self-trapping effects. It originates from the deformation of the condensate due to the interaction with the impurity. The above equations (13) and (14) show that for γ = 0 i.e BEC without impurity, the effective potentials are much independent on the DDI and on the anomalous effects. This is clearly visible in Fig.4 . The radial V ρ and axial V z effective potentials have a local minimum indicating the localization of the impurity in the condensate as is seen in Fig.4 . The depth and the width of such a local minimum are strongly affected by the DDI, impurity-BEC interactions and the anomalous fluctuations. For instance, for repulsive coupling, the impurity becomes less localized in the ground state for increasing DDI while the situation is inverted for impurity-BEC interactions (see Figs.4.a and c ). An interesting remark is that in the radial direction, the potential V ρ is flattened near its minimum for both repulsive and attractive impurity-boson coupling (see Figs.4.b and d) due to the presence of the anomalous fluctuations. In the axial direction, the location and height of the local minima are modified to some extent because of the external trapping force [65] .
Equations of motion for the radial and axial widths (11) and (12) of the impurity are differential equations, which can be solved by using an appropriate numerical scheme. The solutions are presented in Fig.5 . We find that in the presence of the anomalous fluctuations, the oscillation amplitude and width ofσ ρ and ofσ z are increasing/decreasing with increasing/decreasing the interspecies interactions γ as is seen in Fig.5 .a which is in agreement with experiments of Ref. [1] achieved for nondipolar polarons. Form = 0 and γ > 0, the impurity oscillates slower and with a large amplitude (∼ 2 times bigger than that predicted by the TDFHB theory) as is depicted in Fig.5 .b. Fast periodic oscillations with small amplitudes are observed when γ < 0. Strong oscillation strength means that the impurity oscillations are confined inside the bath. Remarkably, in the axial direction, the impurity gains kinetic energy and vibrate faster and stronger compared to the radial direction irrespective of the presence of the impurity and the anomalous correlations. This is most probably due to the anisotropy of the DDI. The breathing modes frequencies of the width can be obtained by linearizing Eq.(11) and expanding the radial and axial widths of the impurity asσ ρ (t) =σ ρ0 + δσ ρ (t), andσ z (t) =σ z0 + δσ z (t), whereσ ρ0 andσ z0 are the equilibrium radial and axial widths, respectively, and δσ ρ (t)/σ ρ0 ≪ 1, and δσ z (t)/σ z0 ≪ 1. Neglecting higher order terms, we obtain
and
Equations (15) and (16) are appealing since they describe the impurity's breathing modes of the widths in terms of the DDI, impurity-boson interaction, the anomalous correlation and the trapping frequency at the same time.
In Fig.6 , we plot our predictions for radial and axial breathing modes as a function of γ and compare the results with the HFB-Popov findings. In the radial direction, the frequencies of the breathing modes w ρ slightly increase with ε dd for γ < 0 while they decrease with ε dd for γ > 0 (see Fig.6 .a). For fixed value of DDI (say ε dd = 0.4), the frequencies w ρ augment with γ in the whole spectrum of impurity-BEC interaction regimes from attractive to repulsive. In the axial direction however, the opposite behavior is observed as a result of the anisotroy of the DDI (see Fig.6 .b). Moreover, it is interesting to observe that the TDHFB predictions and the HFB-Popov results differ from each other quite considerably owing to the important contribution of the anomalous density as is shown in Figs.6.c and d . We see in particular that such frequencies in both radial and axial directions rise with γ until they reach their maximal value at γ = 0, then they start to decrease for repulsive impurity-BEC interaction. We remark also that in the absence of the anomalous density, the impact of the DDI on the breathing modes is not important.
IV. CONCLUSION
In this paper we investigated in details the effects of the normal and anomalous quantum fluctuations on the dynamics of dipolar Bose polarons within the framework of the TDHFB theory. We showed that the impurity distorts the condensate and the anomalous component for both repulsive and attractive impurity-host interactions. For repulsive interations, the depth of the dip structure caused by the impurity becomes more profound for large DDI. The time evolution of the condensate and the anomalous component in the presence of the impurity has been deeply analyzed. We found that the external trapping potential and the interspecies interactions may significantly modify the oscillations of the width and the center-of-mass of such quantities. Moreover, corrections due to quantum fluctuations to the radii and chemical potentials of both the condensate and the anomalous component have been calculated in the weak coupling limit using the TF approximation.
In addition, we studied the properties of a localized impurity for both repulsive and attractive contact impurity-boson interactions and dipolar boson-boson interaction. Analytical results for the width and breathing frequencies of the impurity stemming from our generalized NLSE have been obtained using a variational approach. We pointed out that the interplay of the DDI and the impurity-BEC interactions play a key role in the dynamics and in the breathing oscillations frequencies of the impurity. We compared our findings for the dynamics and the breathing mode frequency of the impurity with HFB-Popov predictions. Results show that, to some extent, both theories conflict with each other due to the effects of the anomalous fluctuations.
Our analysis can be extended to the finite temperature using the complete TDHFB theory where Eq.(2) could be rewritten as [2ñ(p, r) + 1]
2 − 4|m(p, r)| 2 = coth 2 (ε(p, r)/2T ) [55] . In such a case, one can expect that the impurity becomes less localized. The breathing oscillations frequencies could be also shifted in particular at intermediate temperatures where the anomalous density reaches its maximal value [47] . Our approach still valid for studying the dynamics of dipolar polarons with tilted dipoles. The findings of the present work provide a good starting point for exploring effects of the impurity in dipolar quantum droplets.
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